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Abstract. We present our preliminary results on the calculation of hadronic light-by-light
forward scattering amplitudes using vector four-point correlation functions computed on
the lattice. Using a dispersive approach, forward scattering amplitudes can be described
by γ∗γ∗ → hadrons fusion cross sections and then compared with phenomenology. We
show that only a few states are needed to reproduce our data. In particular, the sum
rules considered in this study imply relations between meson−γγ couplings and provide
valuable information about individual form factors which are often used to estimate the
meson-pole contributions to the hadronic light-by-light contribution to the (g − 2) of the
muon.
1 Introduction
The anomalous magnetic moment of the muon aµ = (g − 2)µ/2 provides a strong test of the Standard
Model of particle physics. The persistent 3− 4 σ discrepancy between the experimental result and the
theoretical prediction could be a sign of new physics. Two new experiments at Fermilab and J-PARC
plan to reduce the error by a factor of four in the next few years [1, 2]. The theory error is dominated
by the hadronic vacuum polarisation (HVP) and the Hadronic light-by-light (HLbL) contribution and
the latter is expected to dominate in the near future. Two collaborations have presented partial results
on the direct calculation of the HLbL contribution [3–8]. In a complementary way, lattice QCD
can provide essential hadronic inputs for the models and dispersive approach to aHLbLµ [9–13]. In
particular, a lattice calculation of the pion transition form factor (TFF) can provide the necessary
input for the dominant pion-pole contribution [14]. The contribution from other narrow pseudoscalar
mesons could in principle be computed in a similar way even if the calculation is more demanding
due to the presence of large disconnected contributions. However, higher intermediate states are
resonances and the direct computation of the associated TFF is much more challenging. Two-photon
fusion processes are related to the light-by-light forward scattering amplitude via sum rules [15].
Using a phenomenological parametrization of the γ∗γ∗ → hadron cross sections and fitting the model
parameters to the HLbL amplitude computed on the lattice, we are able to test its ability to describe
the HLbL amplitude at spacelike virtualities and extract information about single-meson TFFs. The
latter can then be used to estimate aHLbLµ within the model.
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2 Light-by-light scattering amplitudes and sum rules
The eighty-one light-by-light forward scattering amplitudes Mλ3λ4λ1λ2 associated to the process
γ∗(λ1, q1) γ∗(λ2, q2) → γ∗(λ3, q1) γ∗(λ4, q2) can be reduced to eight independent amplitudes using
parity and time-reversal invariance [16],
MTT = 12(M++,++ +M+−,+−) , M
τ
TT =M++,−− , MTL =M+0,+0 , MLT = M0+,0+ , MLL =M00,00 ,
MτTL =
1
2
(M++,00 +M0+,−0) ,MaTT =
1
2
(M++,++ −M+−,+−) , MaTL =
1
2
(M++,00 −M0+,−0) . (1)
Here, qi and λi = 0,± are respectively the momenta and helicities of the virtual photons. The am-
plitudes are either even (first six) or odd (last two) with respect to the crossing-symmetric variable
ν = q1 · q2. Using the optical theorem, one can relate the forward scattering amplitudes to two-photon
fusion amplitudesMλ1λ2 associated with γ∗(λ1, q1) γ∗(λ2, q2) → X(pX). More explicitly we have
Wλ3λ4,λ1λ2 = ImMλ3λ4,λ1λ2 =
1
2
∫
dΓX(2pi)4δ(q1 + q2 − pX)Mλ1λ2 (q1, q2, pX)M∗λ3λ4 (q1, q2, pX) . (2)
Using unitarity and analyticity, it is then possible to write dispersion relations at fixed values of the
virtualities Q21 and Q
2
2. Considering once-subtracted sum rules, they can be generically written as [15]
Meven(ν) =Meven(0) + 2ν
2
pi
∫ ∞
ν0
dν′
1
ν′(ν′ 2 − ν2 − i)Weven(ν
′) , (3a)
Modd(ν) = νM′odd(0) +
2ν3
pi
∫ ∞
ν0
dν′
1
ν′2(ν′ 2 − ν2 − i)Wodd(ν
′) , (3b)
where even/odd refers to the parity of the amplitude with respect to the variable ν. The first step is to
compute the eight forward amplitudes on the lattice. In a second step, we present a phenomenological
model to describe the two-photon fusion processes and then evaluate the right-hand side of Eq. (3):
the main ingredients are the single-meson TFFs. Finally, fitting the lattice data with our phenomeno-
logical model we obtain information about TFFs which, in turn, can be used as input parameter in the
calculation of the HLbL contribution to the muon (g − 2).
3 Lattice results
3.1 Lattice setup
On the lattice, we compute the Euclidean four-point correlation function
ΠEµνρσ(Q1,Q2) =
∑
X1,X2,X4
〈Jcµ(X1) Jcν(X2) Jlρ(0) Jcσ(X4)〉E e−iQ1(X2−X1) eiQ2X4 + contact terms ,
where Jµ(x) = 23u(x)γµu(x)− 13d(x)γµd(x) is the electromagnetic current and the upper index l, c refers
to the local and point-split vector current respectively. The latter is exactly conserved on the lattice
and does need renormalisation. For the local current, the renormalisation factor ZlV has been computed
non-perturbatively in Ref. [17, 18]. In this work, only the subset of fully connected diagrams, depicted
in Fig. (3.1), is considered. We use five CLS (Coordinated Lattice Simulations) lattice ensembles with
two degenerate dynamical quarks at two different lattice spacings and pion masses down to 190 MeV.
Figure 1. Three of the six fully-connected quark contractions
for four-point functions. The last three contractions are
obtained after reversing the direction of the fermion flow
The ensembles, whose parameters are listed in Table 1, are generated using the plaquette gauge action
for gluons [19] and the O(a)-improved Wilson-Clover action for the fermions [20] with the non-
perturbative parameter cSW [21]. For each ensemble, the four-point correlation function is computed
at two values of Q21 (Q1 = (0, 0, 0, 1) and Q1 = (0, 0, 0, 3) in units of 2pi/T where T is the time extent
of the lattice) and for all values of Q2 such that Q22 . 4 GeV
2. The helicity amplitudes in Eq. (1) are
finally obtained from the Euclidean four-point correlation function
M(q21, q22, ν) = e4 T Eµνµ′ν′ΠEµ′ν′ρσ(Q1,Q2) , M(q21, q22, ν) =M(q21, q22, ν) −M(q21, q22, 0) ,
for some Euclidean tensor T E . In particular, an explicit expression forMTT can be found in [7].
3.2 Connected contribution to the light-by-light forward scattering amplitudes
The result for a subset of the eight amplitudes for the ensemble F7 is depicted in Fig. 2 for a fixed
virtuality Q21 = 0.352 GeV
2. The amplitude MTT is positive as it corresponds to a physical cross
section whereas MaTT , M
τ
TT and MLT are related to interference terms in Eq. (2) and are not sign
definite.
4 Description of lattice data using phenomenology
4.1 Parametrization of the hadronic two-photon fusion cross sections
In this section, we describe the main assumptions used to describe our data using phenomenology.
Concerning single-meson production, only C-parity-even states are involved. We therefore include
pseudoscalar, scalar, axial and tensor mesons and consider only the lightest state in each channel.
Since we are working with two degenerate dynamical quarks, isoscalar η-type mesons are not in-
cluded. Furthermore, based on flavor symmetry and large-N counting (N is the number of colors) [22],
one can show that with two dynamical quarks, the non-singlet meson poles contribute with a factor
34/9 to the fully-connected diagrams and the singlet mesons do not contribute whereas in the 2+2 dis-
connected diagrams, in addition to the singlet mesons, the non-singlet mesons contribute with a factor
−25/9 thus largely compensating for the previous factor 34/9. Therefore, since we neglect discon-
nected contributions, we do not include isoscalar and isovector mesons separately but only isovector
Table 1. Parameters of the simulations: the bare coupling β = 6/g20, the lattice size, the hopping parameter κ, the
lattice spacing a extracted from [18], the pion and rho masses and the number of gauge configurations.
CLS β L3 × T κ a [fm] mpi [MeV] mρ [MeV] mpiL # confs
E5 5.3 323 × 64 0.13625 0.0652(6) 437(4) 971 4.7 500
F6 483 × 96 0.13635 314(3) 886 5.0 125
F7 483 × 96 0.13638 270(3) 841 4.3 150
G8 643 × 128 0.136417 194(2) 781 4.1 124
N6 5.5 483 × 96 0.13667 0.0483(4) 342(3) 917 4.0 86
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Figure 2. AmplitudesMTT ,MaTT ,M
τ
TT andMLT for the ensemble F7 with Q21 = 0.352 GeV2. The curves with
error-bands represent the result of the fit discussed in Sec. 4.2.
Table 2. Mass and two-photon width of the particles included in this work as quoted by the PDG [23]. For the
axial meson, we use the isoscalar two-photon width divided by 25/9 based on isospin and large-N arguments.
pi (0−+) a0(980) (0++) a1(1260) (1++) a2(1320) (2++)
m [MeV] 134.98 980(20) 1230(40) 1318.3(0.6)
Γγγ [keV] 0.0078(5) 0.30(10) 1.26 1.00(6)
mesons with an overall factor 34/9, and the list of particles is given in Table 2. Finally, the Born
approximation to γ∗γ∗ → pi+pi− cross section is included using scalar QED as in Ref. [15] dressed
with a monopole vector form factor. Since this contribution turns out to be small, the monopole mass
will not be fitted but set to the lattice rho mass. Our simulations are performed away from the physi-
cal quark masses; therefore, the pion and rho meson masses are set to their lattice values determined
from the exponential decay of the pseudoscalar and vector two-point correlation functions. For other
resonances, we simply assume a constant shift in the spectrum, such that mX = m
phys
X + (m
lat
ρ − mexpρ ).
The pion TFF has been measured experimentally by several collaborations in the single-virtual
case for virtualities in the range Q2 ∈ [0.6 − 40] GeV2 [24–27]. The experimental data are well
described by a monopole TFF but the latter is ruled out by lattice data obtained with both single and
double virtual photons [14]. We therefore use the lattice results obtained on the same set of ensembles.
The scalar meson can be produced by two transverse (T) or two longitudinal photons (L) and
the two-photon fusion process is therefore parametrized by two TFFs FTSγ∗γ∗ and F
L
Sγ∗γ∗ . The trans-
verse TFF FTSγ∗γ∗ for the isoscalar meson f0(980) has been measured experimentally in the region
Q2 < 30 GeV2 by the Belle Collaboration [28] and the results are compatible with a monopole form
factor with MS = 800(50) MeV. We therefore assume
FTSγ∗γ∗ (Q
2
1,Q
2
2)
FTSγ∗γ∗ (0, 0)
=
1
(1 + Q21/M
2
S )(1 + Q
2
2/M
2
S )
,
where MS will be considered as a free fit parameter. The normalisation of the TFF is given by the
two-photon decay width Γγγ [23] and we assume that FLSγ∗γ∗ (Q
2
1,Q
2
2) and F
T
Sγ∗γ∗ (Q
2
1,Q
2
2) are equal.
For axial mesons, the two-photon fusion cross section is parametrized by two form factors F(0)Aγ∗γ∗
and F(1)Aγ∗γ∗ where Λ = 0, 1 corresponds to the two helicity states of the axial meson. Inspired by quark
models, we use the same parametrization as in Ref. [15]
F(0)Aγ∗γ∗ (Q
2
1,Q
2
2) = m
2
AA(Q
2
1,Q
2
2) ,
F(1)Aγ∗γ∗ (Q
2
1,Q
2
2) = −
ν
X
(
ν + Q22
)
m2AA(Q
2
1,Q
2
2) ,
F(1)Aγ∗γ∗ (Q
2
2,Q
2
1) = −
ν
X
(
ν + Q21
)
m2AA(Q
2
1,Q
2
2) ,
in which 2ν = m2A + Q
2
1 + Q
2
2 with mA the meson mass and A(Q
2
1, 0)/A(0, 0) = 1/(1 + Q
2
1/M
2
A)
2 and
assuming factorisation such that A(Q21,Q
2
2) = A(Q
2
2,Q
2
1). The L3 Collaboration has measured the TFF
for the isoscalar meson f1(1285) in the single-virtual case in the region Q2 < 5 GeV2 [29, 30], and
their result reads MA = 1040(78) MeV. In the following, MA will be considered as a free fit parameter
and the normalisation of the TFF is given from the effective two-photon width as defined in Ref. [15].
Finally, tensor meson amplitudes are described by four form factors F(Λ)Tγ∗γ∗ (Q
2
1,Q
2
2) with Λ =
(0,T ), (0, L), 1, 2. The single-virtual TFFs with helicities Λ = (0,T ), 1, 2 have also been measured
experimentally in the region Q2 < 30 GeV2 by the Belle Collaboration [28], and data are compatible
with a dipole form factor [31]
F(Λ)Tγ∗γ∗ (Q
2
1,Q
2
2)
F(Λ)Tγ∗γ∗ (0, 0)
=
1
(1 + Q21/M
2
T,(Λ))
2(1 + Q22/M
2
T,(Λ))
2
.
The four dipole masses MT,(Λ) will be considered as free fit parameters. Again, the normalisation
of the TFFs are obtained from the experimentally measured two-photon width [23] assuming that
the ratio of helicity two to helicity zero mesons is r = 91.3 % [32]. For helicity (0, L), where no
experimental data exist, we used the value extracted from Ref. [31] using dispersive sum rules.
4.2 Fits of the eight light-by-light forward scattering amplitudes and chiral extrapolations
We perform a global fit of the eight amplitudes using the phenomenological model described in the
previous section. There are six fit parameters corresponding to monopole and dipole masses of the
scalar, axial and tensor mesons. The results for four amplitudes corresponding to the ensemble F7
are shown in Fig. 2 where the χ2/d.o.f. is 1.2, and the results for all five ensembles are summarized
in Table 3. In Fig. 3, we show the relative contribution of each channel to the different amplitudes
at fixed virtualities Q21 = 0.352 GeV
2 and Q22 = 1.000 GeV
2. In Table 4 we also give the relative
contribution of each channel to the eight amplitudes.
The pseudoscalar and tensor mesons give the dominant contribution to the amplitudesMTT ,MτTT
and MaTT involving two transverse photons. Here, the axial meson gives a small contribution, es-
pecially at low virtualities as expected from the Landau-Yang theorem. The pseudoscalar does not
−20
0
20
40
60
80
100
120
140
160
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
M
T
T
ν2 [GeV4]
Q21 = 0.352 GeV
2 Q22 = 1.000 GeV
2
Pseudoscalar
Scalar
Axial
Tensor
Scalar QED
Total
−20
0
20
40
60
80
100
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
M
a T
T
ν2 [GeV4]
Q21 = 0.352 GeV
2 Q22 = 1.000 GeV
2
Pseudoscalar
Scalar
Axial
Tensor
Scalar QED
Total
−250
−200
−150
−100
−50
0
50
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
M
t T
T
ν2 [GeV4]
Q21 = 0.352 GeV
2 Q22 = 1.000 GeV
2
Pseudoscalar
Scalar
Axial
Tensor
Scalar QED
Total
−10
0
10
20
30
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
M
L
T
ν2 [GeV4]
Q21 = 0.352 GeV
2 Q22 = 1.000 GeV
2
Pseudoscalar
Scalar
Axial
Tensor
Scalar QED
Total
Figure 3. The dependance of each amplitudes on ν for two different values of Q22 and with Q
2
1 = 0.377GeV
2.
Results correspond to the ensemble F7. The black line corresponds to the total contribution and coloured lines
include only single-meson contribution.
Table 3. Results of the fit of the eight subtracted amplitudesMTT ,MτTT ,M
a
TT ,MTL,MLT ,M
a
TL,M
τ
TL and
MLL for the five lattice ensembles.
MS [GeV] MA [GeV] M
(2)
T [GeV] M
(0,T )
T [GeV] M
(1)
T [GeV] M
(0,L)
T [GeV] χ
2/d.o.f.
E5 1.38(11) 1.26(10) 1.93(3) 2.24(5) 2.36(4) 0.60(10) 4.2
F6 1.12(14) 1.44(5) 1.66(9) 2.17(5) 1.85(14) 0.89(28) 1.2
F7 1.04(18) 1.29(8) 1.61(12) 2.08(7) 2.03(7) 0.57(16) 1.2
G8 1.07(10) 1.36(5) 1.37(24) 2.03(6) 1.63(13) 0.73(14) 1.1
N6 0.86(37) 1.59(3) 1.72(17) 2.19(4) 1.72(18) 0.51(8) 1.4
Table 4. Relative contributions in % of each particle to the different amplitudes for the ensemble F7 using
Q21 = 0.352 GeV
2, Q22 = 1 GeV
2, ν = 0.467 GeV2.
MTT MaTT M
τ
TT MTL MLT M
a
TL M
τ
TL MLL
0−+ 35 68 −56 × × × × ×
0++ 7 8 11 × × 23 14 42
1++ 2 1 −2 43 57 −43 32 ×
2++ 53 −20 25 56 42 19 −47 25
Scalar QED 4 3 5 1 < 1 −15 −7 33
contribute toMTL,MLT where the main contribution comes from axial and tensor mesons. In the last
three amplitudesMaTL,M
τ
TL,MLL all scalar, axial and tensor contribute significantly, sometimes with
opposite signs. Finally, scalar QED contribution is always small compared to other channels.
The chiral extrapolation is depicted in Fig. 4. The scalar monopole mass is MS = 1.01(9) GeV,
slightly above the experimental result from the Belle Collaboration, which obtains MS =
796(54) MeV for the isoscalar scalar meson [28]. The axial dipole mass MA = 1.40(5) GeV should be
compared with the experimental value by the L3 Collaboration MA = 1040(80) MeV for the isoscalar
f1(1285) [29, 30]. Finally, the tensor dipole mass M
(2)
T = 1.42(12) GeV is close to the value obtained
in [31] from a fit to the Belle data [28]. However, the dipole masses M(1)T = 1.73(10) GeV and M
(0,T )
T =
2.03(6) GeV are above the values quoted in [31] (M(1)T = 0.916(20) GeV, M
(0,T )
T = 1.051(36) GeV).
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Figure 4. Chiral extrapolations of the scalar, axial and tensor monopole/dipole masses. The black points cor-
respond to lattice data, the red point to the result extrapolated at the physical pion mass and the blue point
corresponds to a smaller lattice spacing and gives an indication of the size of discretization effects.
5 Conclusion
We have presented a first lattice calculation of the eight light-by-light forward scattering amplitudes.
Only the fully-connected subset of diagrams is included so far and we plan to include the 2+2
disconnected diagrams which have been computed for the ensembles E5 and F6. The amplitudes
satisfy dispersion relations which involve the two-photon fusion processes. Assuming that only a few
states are needed to saturate the sum rules, we have proposed a phenomenological model to describe
our data. The main inputs are the associated single meson TFFs. For the pion, we use our recent
lattice calculation and for scalar, axial and tensor mesons, we assume monopole and dipole TFFs,
where monopole and dipole masses are considered as free fit parameters whereas the normalisation
is taken from experiment. The model is in good agreement with lattice data and using different pion
masses we are able to extrapolate our results to the chiral limit and compare with experiment.
We acknowledge the use of computing time on the JUGENE and JUQUEEN machines located at FZ Jülich,
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